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We solve a generalization of ordinary M = 1 super Yang- Mills theory with gauge 
group U(A^) and an adjoint chiral multiplet X for which we turn on both an arbi- 
trary tree-level superpotential term j(1^9TiW{X) and an arbitrary field-dependent 
gauge kinetic term J (]?6TiV{X)W"Wa- When = 0, the model reduces to the ex- 
tended Seiberg-Witten theory recently studied by Marshakov and Nekrasov. We use 
two different points of view: a "macroscopic" approach, using generalized anomaly 
equations, the Dijkgraaf-Vafa matrix model and the glueball superpotential; and the 
recently proposed "microscopic" approach, using Nekrasov's sum over colored parti- 
tions and the quantum microscopic superpotential. The two formalisms are based on 
completely different sets of variables and statistical ensembles. Yet it is shown that 
they yield precisely the same gauge theory correlators. This beautiful mathematical 
equivalence is a facet of the open/closed string duality. A full microscopic derivation 
of the non-perturbative M = 1 gauge dynamics follows. 
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1 General presentation 



In two recent papers [H [2], the author and collaborators have proposed a general 
microscopic approach to the solution of A/" = 1 super Yang-Mills theories. In p], it 
was explained how to apply Nekrasov's instanton technology [3] to A/" = 1, including 
in the strongly coupled vacua. The formalism is based on a microscopic quantum 
superpotential VFmic whose saddle points are in one-to-one correspondence with the 
full set of quantum vacua of the theory. In [2], explicit calculations were made up 
to two instantons, and it was shown that the results agree to this order with the 
predictions made using a totally different formalism based on the Dijkgraaf-Vafa 
matrix model and glueball superpotential [U [5]. The main purpose of the present 
work is to present a proof of the exact equivalence between the two formalisms. This 
yields a full microscopic derivation of the exact results in A/" = 1 gauge theories, 
including a non-perturbative justification of the Dijkgraaf-Vafa matrix model, the 
generalized anomaly equations and the Dijkgraaf-Vafa glueball superpotential. 



1.1 The model 

We shall focus, as in [H |2], on the Af = I theory with gauge group U(A^) and one 
adjoint chiral superfield X. The basic chiral operators are given by [Sipl 

Uk = TTX\ (1.1) 
1 

where is the vector chiral superfield which contains the gauge field and whose 
lowest component is the gluino field. Our main goal is to compute the gauge the- 
ory expectation values of the above operators, that are conveniently encoded in the 
generating functions 



Vk = -^TTW''W^X\ (1.2) 



flW = ES^- (1-3) 



fc>0 



k>0 



The theory is usually studied with an arbitrary tree-level superpotential Tr W^(X) for 
the field X, which amounts to introducing arbitrary couplings to the scalar operators 



^One can also introduce the chiral operators TiW°'X'', but they have zero expectation values 
due to Lorentz invariance. Non-trivial expectation values could be obtained by turning on Lorentz 
violating couplings Tr WaX'^ in the tree-level superpotential. The resulting model can be studied 
straightforwardly using our methods, but we shall not do it here for the sake of simplicity. 
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(II. ip . For our purposes, it is extremely natural to introduce arbitrary couplings to 
the generalized glueball operators (ll.2p as well. The tree-level lagrangian that we 
consider is thus of the form 

L = ^Im jd^e Ti{T{X)W"Wa) +2NRe jd^9TiW{X), (1.5) 

where t(X) and W{X) are arbitrary polynomials in X. Instead of the field-dependent 
couphng r, it is convenient to work with the polynomial V defined by 

NV{z) = 2mT{z) . (1.6) 

The lagrangian can then be written as 

L = 2NRe J d^eW (1.7) 

with 

Tr V {X)W''Wa + Tt W (X) . (1.8) 



167r2 

Using the parametrization 



^(-) = ^-+E^-'^"^ (1-9) 
^(') = T.rn '''''' ^^-^^^ 

k=0 

where the degrees dy and dw can be arbitrary, the superpotential (11.81) takes the form 

k>0 k>0 

It is also useful to introduce a polynomial 



^(-) = EA-'^"^ (1-12) 

fc>i 

satisfying the relation 

t"{z) = NV{z) = 2tnT{z) . (1.13) 
We shall use t{z) or V{z) interchangeably according to convenience, with 

ti = iVA_i, h = ^^^'Sl) for A; > 2. (1.14) 
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Let us note that the usual instanton factor is given by 



(1.15) 



The model fll.5p has useful U(1)a and U(1)r global symmetries. The charges of the 
superspace coordinates 6*", of the various fields and couplings, and of any superpo- 
tential w one may wish to consider are given in the following table, 

W X Uk Vk gk h, k > q w 
U(1)a 1 k k -k-1 -k-1 2N (1.16) 
U(1)r 1 1 2 2 2. 

When W = 0, the theory (11.51) has M = 2 super symmetry, with tree-level prepo- 
tential 

:fm=2{x) = t{x) . (1.17) 

This "extended" Seiberg-Witten theory was studied recently from the microscopic 
point of view by Marshakov and Nekrasov in [6J, and their results will be particularly 
useful for us. When W is turned on, the Af = 2 moduli space is lifted, and the theory 
has a discrete set of vacua. Classically, the vacua are labeled by the numbers Ni 
of eigenvalues of X that sit at given critical points of W. In such vacua, the gauge 
group is broken from U(A'") down to U(iVi) x ■ ■ ■ x U[Nd^^). The rank of the vacuum 
is defined to be the number of non-zero integers N^. Since a mass gap is created in 
each non-abelian unbroken factor, it coincides with the rank of the low energy gauge 
group U(l)^. Moreover, chiral symmetry breaking generates an A^j-fold degeneracy 
for each U(A^j) factor. This will be explicitly demonstrated later. The quantum vacua 
corresponding to the integers Ni are thus labeled as \Ni,ki) with < ki < Ni — 1. 
Moreover, when > 1, we may find that new vacua appear at the quantum level. 
These vacua go to infinity in field space in the classical limit. 

The solution of the model (11. 5p can be found using two a priori completely dif- 
ferent approaches. One approach is motivated by the closed string dual of the gauge 
theory and is natural from the long-distance, macroscopic point of view. It is based 
on the Dijkgraaf-Vafa matrix model and the use of the glueball superpotential [3], 
or equivalently on the geometric transition picture and the fiux superpotential in the 
dual closed string background [7] . We call this approach the macroscopic formalism. 
It is very difficult to justify this formalism from first principles. The second approach 
amounts to computing directly the relevant gauge theory path integrals. It is based 
on Nekrasov's sums over colored partitions [3] and the microscopic quantum superpo- 
tential [1] . This is natural from the short-distance point of view and thus we call this 
approach the microscopic formalism. The microscopic formalism provides rigorous, 
first-principle derivations of the non-perturbative gauge theory dynamics. 
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The goal of the present paper is to prove the equivalence between the two for- 
malisms. Since the microscopic and macroscopic set-ups are equivalent to the open 
and closed string descriptions respectively, the mathematical equivalence we are going 
to derive is a beautiful facet of the open/closed string duality, in a rare case where a 
complete understanding can be achieved. 

Let us now present briefly the main ingredients of the two formalisms. Full details 
and justifications will be given in later Sections. 

Notation: In the following, when we have an indexed family of parameters, we use 
a non-indexed boldface letter to represent all the parameters at once. For example g 
denotes all the Qk, and t all the t^. 

1.2 The macroscopic formalism 

In the macroscopic formalism, the basic, natural variables are the generalized glue- 
ball operators (11.21) . Their expectation values for fixed gluino condensates Sj in the 
unbroken factors of the gauge group are given in terms of averages over the statistical 
ensemble of a random hermitian matrix M of size n x n as 

Vk,mUs,9,e) = Ne {{s\TtX'\s))^ = ^ /"d/il,TrM^ (1.18) 

ry I „ \ /"j M mac(S)^)^) , ^vN 

^mac(s, g,e)= \ ^^^^ = exp (1.19) 

The "macroscopic" measure is given in terms of the components of the matrix M and 
the tree-level superpotential W, 

n _ 

d/^mac = n ^^^^ n ^^"^ ( W{M)^ . (1.20) 

7=1 l<I<,J<n ^ 

The parameter e, which can be interpreted as the strength of some particular super- 
gravity background [8], is related to the size of the matrix M, 

e = -, (1.21) 
n 

with 

s = J2si. (1.22) 

i 

The precise prescription to compute (11.181) is as follows. If one wishes to describe a 
rank r vacuum, then one must expand the matrix integral around the corresponding 
classical saddle point |A^i, . . . , Nr), by putting rii = Si/e eigenvalues of the matrix M 
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at the critical point of W corresponding to the integer iVj. One then considers the 
large n, or small e, 't Hooft's genus expansion. 

From (11.181) . fll.lQp and (11.201) . we obtain immediately relations valid for any e, 

Vk,mi,c{s,g,e) = -Nk—^^, k>l. (1.23) 

ogk-i 

These relations are the macroscopic analogue of the Matone's relations [9] , see (11.481) 
and below. 

From (11.181) . we can get the generating function 

SrnUz;s,g,e) = (1.24) 



k>0 

Most relevant to us will be the planar e — > limit 



'ffc,mac(s,fl') = limvf.^^^^{s,g,e) , (1.25) 



Sni^c{z;s,g) =\im Srns,c{z;s,g,e) . (1.26) 



Note the following important feature: the function S'mac does not depend on the 
parameters t that enter the tree-level lagrangian (II. 5p . 

The next step is to introduce the macroscopic quantum superpotential W^ac, 
which is nothing but the glueball superpotential. In terms of the "macroscopic" 
one-form 

Amac = 5'mac(^;S,fl')dz, (1.27) 

it is given by 

W^mac(s, *) = ^ £ ^^mac " ^^^^ ' (^'^S) 

where a will always denote a large contour at infinity in the z-plane. The expectation 
values of the operators (11.11) are given by 

Uk,mac{s,g,t) = k^^^^^ , (1.29) 
gk-i 

with associated generating function 

RmAz]s,g,t) = j-^^ (1.30) 

fc>0 

Unlike S'mac, -Rmac does depend, linearly, on the parameters t. 
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The parameters s are determined by solving the equations 



dsi 



(s = s*)=0. (1.31) 



These equations have in general several solutions, that are in one-to-one correspon- 
dence with the quantum vacua of fixed rank r. The on-shell generating functions 

Sl.,,{z-g,t) = S^^,{z-s\g), (1.32) 

^mac(^; 9, t) = Rm^c{z; S* , Q, t) , (1.33) 

are conjectured to coincide with the corresponding gauge theory observables, 

S{z;g,t) = Sl,,{z;g,t), (1.34) 
R{z;g,t)=R*^,^{z-g,t). (1.35) 

Of course both S'j^^c -^mac depend non-linearly on t because s* gets a non-trivial 
t-dependence upon solving (ll.3ip . 

1.3 The microscopic formalism 
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In the microscopic formalism, the basic, natural variables are the operators (11. 1| 
Their expectation values for fixed boundary conditions at infinity aj for the field X\ 

= diag(ai, . . . ,ajv) = diaga, (1.36) 

are given in terms of averages over the statistical ensemble of random colored parti- 
tions endowed with a suitable generalized Plancherel measure as 



^,,ya,t,e) = {a\ TrX'^ja)^ = (1.37) 



P 



Z„,Ua, t,e) = J2 fCc = exp ^^^^^^^^'^ ■ (1.38) 
p 

A colored partition p is a collection of ordinary partitions pj, p = (pi, . . . , Pat), 
which are characterized by integers pi^a satisfying 

Pi,i > Pi,2 >■■■> Pi,p,,^ > Pi,p,,i+i = , (1.39) 
Pi,i 



a=l 



^We work in euclidean space-time. 
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The integer |pj| is called the size of the partition pj, and 



N 



(1.41) 



i=l 



is the size of the colored partition p. To each partition pj, it is convenient to associate 
a Young tableau Yp^ with pi^a boxes in the row number a (the uppermost row being 
the last, shortest row). The number of boxes in the column number (3 is then denoted 
by pi^js (the rightmost column being the last, shortest column). The integers p^^^ 
automatically satisfy 



Pi,l > Pi,2 >■■■> Pt,p,,l > + 1 = ; 

Pi,i 

^Pi,P = \Pi\ ■ 

13=1 



(1.42) 
(1.43) 



In ( I1.37P and (11.381) . the "microscopic" measure is given in terms of the integers 
characterizing the colored partition p and the tree-level gauge kinetic term. Explicitly, 
we have 

-"L=(Cc)' (1-44) 

with 



in 

i=l 

Pi,l Pj.l 



n 



Pi,a - P + Pi,p - a + 1 Jr tti - aj + e(/5 - a) 

3 7^^ 



X 



-r-r -r-r -r-r (a» - + e{pj^p - a - (3 + l))[ai - aj + ejpi^a - p -a + 1)) 
i<j a=l i=i ~ + e(l - « - /^)) («i - «i + - « + Pi,a -/?+!)) 



k>\ 



and 



N 



1=1 



Pi,l 



a=l 



+ (oj — ea)*^ — (oj — e(a — 1))' 



(1.46) 



The parameter e can be interpreted as being the strength of some particular supergrav- 
ity background, the so-called ^-background [3]. It is different from the supergravity 
background governed by the parameter e in the macroscopic formalism. In particular, 
e is associated with a non-trivial space-time curvature whereas e is not. 
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Let us note that 

N 

W2,p = 5Za^ + 2e2|p|. (1.47) 

i=l 

Using fll.45p . fll.44p and (11.151) . this imphes that the dependence in the instanton 
factor in the sums (I1.37P and (11.380 is given by g'^'. Thus colored partitions of size k 
contribute to the k^^ instanton order. 

From (ll.37p . (11.380 and (11.450 . we obtain immediately a set of generalized Ma- 
tone's relations [9], valid for any e, 

■ 

Uk,micia,t,e) = 2k--^, k>2. (1.48) 

Otk-l 

The usual Matone's relation corresponds to A; = 2, tk' = for k' > 2 and e = 0. It 
was shown to be valid at finite e in [10]. 

From (11.370 we can get the generating function 

R^i^{z]a,t,e) = j-^^ (1.49) 

fc>0 

Most relevant to us will be the limit e — of vanishing i7-background 

Uk,raicia,t) = {a\ TrX'^la) = hmuk,mic{a,t, e) , (1.50) 
R^ic{z;a,t) = \imR^ic{z;a,t,e) . (1.51) 

Note the following important feature: the function -Rmic does not depend on the 
parameters g that enter the tree- level lagrangian (11.50 . 

The next step is to introduce the microscopic quantum superpotential PVmic f^■ 
In terms of the "microscopic" one-form 

X^ic = zR^ic{z;a,t)dz, (1.52) 

it is given by 

W^mic(a,^,t) = (a|Triy(X)|a> = -L I . (1.53) 

' ' 2nr z 

The expectation values of the operators (11.20 are given by 



vo,mic{a,g,t} 



Vk, mic(a-, g, t) = k^^ for /c > 1 
9 



:i.54) 



or equivalently by 

Vk,mic{a,g,t) = —-— (1.55) 

A; + 1 dtk+i 

The associated generating function is 

S,nic{z;a,g,t) = — (1.56) 

A:>0 

Unlike -Rmic, 'S'mic does depend, linearly, on the parameters g. 
The parameters a are determined by solving the equations 

^^"''■{a = a*)=0. (1.57) 



These equations have in general several solutions, that are in one-to-one correspon- 
dence with the full set of quantum vacua of the theory p^. This is in sharp contrast 
with the equations (ll.3ip . that yield the vacua for fixed values of the rank r only. 
The on-shell generating functions 

R*^,^iz;g,t) = R^,,iz;a\t), (1.58) 
S^ici^; 9, t) = SmUz; a*,g, t) , (1.59) 

are equal to the the corresponding gauge theory observables, 

Riz;g,t)=R*^,^iz;g,t), (1.60) 
S{z;g,t) = S*^,,{z;g,t). (1.61) 

Of course, both functions R^^^ ^mic have a complicated non-linear dependence 
on g that comes from solving (ll.57p . 



1.4 Outline of the paper 

The two formalisms described above have a very similar structure, with each state- 
ment in a given framework corresponding to another statement in the other frame- 
work. There is an obvious parallel between (fTTSD and (OTD . ffTTOD and (08|) . (OD 
and fO^ . and ffT35]) . (OTj) and ffT37D . We have indicated in each row of 

the following table quantities that play analogous roles in the two formalisms. This 
mapping will be justified and made more precise in the following Sections. Similar 
but much more detailed tables are given at the end of the paper. 



10 



Macroscopic formalism 


Microscopic formalism 


Glueballs s 


Scalars a 


Hermitian matrix M 


Colored partition p 


Curved background e 


f2-background e 


Superpotential couplings g 


Prepotential couplings t 


Matrix model partition 

function J^mac 


Prepotential J-'^ic 


Macroscopic superpotential 


Microscopic superpotential 
Wraic{a,,g,t) 


5'mac(^; s,g) dz 


zR,,^ic{z;a,t) dz 


Rmi,ciz]s,g,t) dz 


S[r,iciz] a, g,t) dz 



The formal structural similarities between the formalisms should not hide the fact 
that the macroscopic and microscopic approaches are both technically and conceptu- 
ally very different. Clearly the matrix model integrals at the basis of the macroscopic 
formalism and the sums over colored partitions at the basis of the microscopic for- 
malism are totally different objects. A very important point is that the microscopic 
formalism is an approach from first principles. The equations f ll.60p and (11.611) must 
be true by construction. This is unlike their conjectured macroscopic analogues (11.351) 
and f04l) . 

Our aim in the following will be to prove the equivalence between the two for- 
malisms, which can be summarized mathematically by the two fundamental equations 

^mac(^; 9, t) = R*miciz; 9, t) 

(l.DZj 

S^^ciz;9,t) = S^i^{z;g,t) 

which must be valid in all the vacua of the theory. These equations are remarkable 
mathematical identities that make the link between two seemingly unrelated starting 
points to perform the calculations. On the physics side, the two completely different- 
looking albeit equivalent formulations correspond to the open string (the microscopic 
set-up) and the closed string (the macroscopic set-up) descriptions of the same gauge 
theory. 

The paper is organized as follows. In Section 2, we discuss in details the macro- 
scopic formalism. We establish the equivalence between the matrix model formulas 
(ll.lSp . (11.191) and the generalized Konishi anomaly equations for our extended J\f = 1 
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theory fll.Sp . We compute explicitly the functions Smadz; s, g) and Rma.c{z; s, g,t) 
from (11.181) and (ll.29p . We then study the critical points of Wmac, solving (11.311) 
in full generality. The result yields explicit expressions for S^^^ and -Rj^ac- S^^" 
tion 3, we focus on the microscopic formalism. Using results from Marshakov and 
Nekrasov [6] and the strategy developed in [H [2], we compute explicitly _Rmic(z; a,t) 
and iSniic {z;a,g,t). It turns out that S'mic(-z) is an infinitely multi-valued analytic 
function, whereas the other generating functions are always two-valued. We then 
solve the equations (11.571) , and provide a full microscopic derivation of the anomaly 
equations which are at the heart of the macroscopic approach. This includes the 
derivation of conjectures made in [2] about the generators of the equations and their 
algebra. Equations (ll.62p then follow. Section 4 contains our conclusions and future 
prospects. We have also included two appendices. In Appendix A, we present the 
proof of a generalization of the Riemann bilinear relations that plays an important 
role in the main text. In Appendix B, we illustrate the solution of the extended model 
(II. 5p in the particular case of the rank one vacua. 



2 The macroscopic formalism 

2.1 The anomaly equations, S'mac and the matrix model 

We start from the generalized Konishi anomaly equations for the model (II. 5p . We 
do not try to justify these equations beyond the usual perturbative arguments [5] for 
the moment, since our point of view is to develop the macroscopic formalism in this 
Section using the usual hypothesis, which will be eventually proven by comparing 
with the results of the microscopic approach in Section 3. 

We thus follow [5] and consider, in perturbation theory, the variations 



<5i„X = -C^"+\ (2.1) 

^Jr.x = -^ly^iy^x^+i , (2.2) 



where ( is an infinitesimal parameter. These variations are generated by the operators 

L„ = _X"+iA, j^ = A^w'^W^X-+'^- (2.3) 
OA Ibn^ oX 

They act on the observables (11.10 and (II. 2p as 

Ln ' f^Un+m y Jn ' ^'^n+m ; -^n ' '^'^n+m i Jn ' (2.4) 
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and satisfy the algebra 



[Ln, Lm] — {n ~ rn)Ln+m ; [Ln-, Jm\ — {u — m)Jn+m ; [Jn, Jm] — . (2-5) 

The last equation in fl2.4l) is a consequence of the anticommuting nature of the chiral 
vector superfield in the chiral ring at the perturbative level. We refer the reader 
to [5] for details. 

Performing the changes of variables corresponding to the variations (12.11) and (12.21) 
in the gauge theory path integral yield the following two equations 

- NW'{Z)R^U^) - NV'{z)SnrU^) + 2i?^ac(^)5mac(^) + Ar{z) = , (2.6) 

- NW'{z)S^,,{z) + S^U^y + N^Asiz) = . (2.7) 

The polynomial terms N'^Ar and iV^Ag are necessary to make the equations consis- 
tent with the asymptotics 

Smiiciz) ~ , R^^c{z) ~ — (2.8) 

z— >oo Z z—too Z 

that follow from the definitions (11.241) and (ll.30p . The first two terms in the left hand 
side of (12. 6p come from the variation of the tree- level superpotential (11.81) . The first 
term in (12. 7p has the same origin. Note however that the polynomial V does not 
contribute to (12. 7p because Jn-Vm = 0. The terms 2i?mac5'mac and S"^^^ are generated 
by one- loop anomalous jacobians in the path integral, in strict parallel with the usual 
one-loop Konishi anomaly [TT] . 

In the perturbative framework where (12.61) and (12. 7p are derived, the variables 
Uk, mac and Vk ,mac niust Satisfy algebraic constraints that follow from their definitions 
in terms of a finite-size N x N matrix X. For example, there exists polynomials 
•^pert.p such that 

^A''+p,mac ^ pert, mac; • • • ; ^Af,mac) ; P ^ 1 ■ (2-9) 

Similarly, only fo,mac; • • • ,VN-i,ma.c are independent. It is not too difficult to show 
that (12. 6p and (12. 7p are consistent with (12. 9p only if -Rmac and S^vac coincide with their 
classical values This is an unorthodox way to rederive the standard perturbative 
non-renormalization theorem for the chiral operators expectation values. 

In order to carry on with the macroscopic approach, we shall use the 

NON-PERTURBATIVE ANOMALY CONJECTURE [H, |2]: The non-perturbative correc- 
tions to i\2.Q\) and (12. 7p are such that they can be absorbed in a non-perturbative 
redefinition of the variables that enter the equations. 
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One of the most important contribution of our work is to give in Section 3 the first 
direct proof of this conjecture. For the moment we consider it as the basic assumption 
of the macroscopic formahsm. So we can use fl2.6p and (12.71) . but with relations 

"l^Af+p, mac ^ p(^l,mac; • • • ; ^7V,maci 

g, Ao, . . . , Ad^) (2.10) 
that can be a priori arbitrary as long as they are consistent with the symmetries 

dun]). 

Let us note that the non-perturbative anomaly conjecture implies that the equa- 
tions (12. 4p and (12.51) must get very strong quantum corrections [2] . We refer the reader 
to [T2l[2] and to Section [3^ for a more extensive discussion of these conceptually very 
important points. 

This being said, we can use (12. 7p to find 5'mac- Since the equation does not depend 
on the polynomial V , we find that 5'mac does not depend on t, as was claimed in Section 
11.21 Thus the function S'mac is the same as in the usual M = \ gauge theory studied 
in [5j, and in particular (11.180 holds (it is a direct consequence of the fact that (12.71) 
coincides with the loop equation of the matrix model). Explicitly, (12.70 implies that 

5mac(^;s,&) = y (w^'W - 0n^F^4A^). (2.11) 

The minus sign in front of the square root in (12.110 is found by using the asymptotics 
(12. 8p . The function 5'mac (^) is a two sheeted function with r < dw branch cuts. The 
integer dw — r is given by the number of double roots of the polynomial — 4A5, 

W\zf - 4A<,(z) = iV,^-.(^)^l/Lc,. , (2.12) 

where Nd^-r is a polynomial of degree dy/ — r. We see that S'mac (-2) is a meromorphic 
function on a genus r — 1 hyperelliptic curve of the form 

r 

Cm^Cr ■■ 2/mac,r = fli^ " " ^t) ■ (2-13) 

i=l 

This curve, with some contours used in the main text, is depicted in Figure [H The 
configurations corresponding to a given value of r correspond to the description of the 
rank r vacua of the gauge theory. This can be straightforwardly checked by studying 
the classical limit, which in this formalism corresponds to s — 0. In particular, 
classically w~ = wf = Wi satisfies W'{wi) = 0. 

The function S'mac given by (12. lip depends a priori on the dw undetermined param- 
eters that enter into A^. The factorization condition (12.120 yields dw — ^ constraints, 
and thus there remains r free parameters. Using the relation between Smac and the 
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Figure 1: The curve Cmac.r defined by (]2.13p . On the first sheet (plain fines), the 
asymptotic conditions (12. 8p are vafid. We have depicted the contours and Pi used 
in the main text. The contour at infinity is given by a = a^. The open contours 
Pi start and end ai z = fiQ ^ oo, which corresponds to the points Pq and Qo on the 
first and second sheets respectively. 



matrix model expectation values (ll.lSp . these r free parameters can be related to the 
r parameters defined after equation (ll.22p by 

where the meromorphic one-form Amac was defined in (11.271) . Equations (12. lip . 
(I2.12P and (I2.14p thus give the full prescription to compute the generating function 
5'mac(-2; s,g). Note that the asymptotics (12.80 implies that 

^ = E = ^ / ^-c = ^ , (2.15) 



2i7iN L N 

or equivalently 



"i^O, mac(S, — 'yo,mac('Sj 



iV^s,, (2.16) 



which is a particularly simple formula. 

The fact that ^mac is single- valued on the curve (I2.13P implies the following period 
integrals, 



5macd;^ = 0, (2.17) 

i 

I 5Led^ = W(/io). (2.18) 

JPr 

These equations will have non-trivial counterparts in the microscopic formalism. 
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2.2 The glueball superpotential and -Rmac 

The next important ingredient in the macroscopic formahsm is the glueball superpo- 
tential given by fll.28p . 



2.2.1 Consistency with the anomaly equations and -Rmac 

We are now going to check the g- and t-dependence of W^^c by showing that the 
equations 



Vk,m-A^,g) = k—^ for k>l 
oXk-i 

and (11.290 are consistent with the anomaly equations (12.61) and (12.71) . This is a 
generalization of the analysis made when = for all > in [5]. 

The equations (12.191) are actually trivially satisfied. Indeed, all the dependence 
in A, or equivalently in t, comes from the term containing V in (ll.28p . Using the 
fact that Amac does not depend on t, we see that this term is precisely designed to be 
consistent with (I2.19p . 

Checking the consistency of (11.290 is more interesting. Let us introduce the loop 
insertion operator 

fc>i ^'^ ^ 
Equations (I1.23P and (I1.29P are equivalent to 

*S'mac(^) — I" -^=2'mac(^) ' ^ mac ; (2.21) 

Z 

N 

-Rmac(^) '=^^ac(^) ' W^mac • (2.22) 

Applying the operator =Sfmac(-2) on (I1.28P and using the above two equations together 
with (12.160 then yields 

RmUz) = ^ E N,^^^^ - ^ j(^^ac(^) ■ S,^U^')Viz') dz' . (2.23) 

This formula can be written in a more elegant way. Let us introduce a canonical 
basis {hi}i<i<r of meromorphic one-forms on Cmac,r, satisfying 

7^<l hi = 5ij , (2.24) 



2i7r 
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that are holomorphic everywhere except at the points at infinity where they may have 
a simple pole. Explicitly, these forms can be written as 

hi = ipi{z) dz = dz , (2.25) 

2/mac, r 

where the Pi{z) = z"^'^ + ■ ■ ■ are monic polynomials of degree r — 1 fixed by the 
conditions (12.241) . Note that these conditions ensure that the {pi}i<i<r form a basis 
of the vector space of polynomials of degree at most r — 1. By using the explicit 
expression (12. lip for ^mac, we get 

dSr^^^jz) ^ Nd^s{z)/ds, _ 
dsi ^W'{zy ~A/\s{z) ' 

Taking the derivative of the factorization condition (I2.12p . we see that the roots of 
Ndy^r-r must also be roots of the polynomial dAs{z)/dsi, and thus dSma.c{z)/dsi must 
be a linear combination of the functions ipi appearing in (I2.25p . Actually, taking the 
derivative of (I2.14p with respect to Sj, and comparing with (I2.24p . we find that 

^^^^ = NUz). (2.27) 
In terms of (ll.27p . this is equivalent to 



dsi 



Nhi . (2.28) 



Equation (12.271) allows to write the first term in the right hand side of (I2.23P in a 
suggestive way. 

Let us now express ^raac{z) ■ S^a_c{z'), by taking the derivative of (ll.lSp with 
respect to the couplings g using (ll.20p . We find 



•^mfirXz) ' Sry 



£:Tr eTr 



X z' -X 



X 



X 



(2.29) 



The first term in (I2.29P comes from the derivative of the numerator in (11.180 . and 
the second term comes from the derivative of the partition function Zmac in the 
denumerator. We have factored out explicitly to emphasize the fact that in the 
planar e ^ limit, it is the combination eTr that has a finite limit. In particular, 
the right hand side of (12.290 gets contributions from genus one, non-planar diagrams 
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in the matrix model Feynman graph expansion. Plugging fl2.29p and (I2.27p in (I2.23p . 
we find the basic formula for -Rmac in the macroscopic formalism, 



1=1 ^ 



s 



eTi- ^ 



s)) [[s 



where the limit e — ^ is understood. Let us note that the constant term in V does not 
contribute to fl2.30p . and thus in the usual gauge theory with field-independent tree- 
level gauge coupling we have the much simpler formula -Rmac = J2i^i'4'i- Turning 
on non-constant terms in V makes non-planar contributions to the matrix model 
relevant. 

Equation (12.301) is conceptually interesting, but in order to compare with the 
anomaly equation (12.61) we need a more concrete formula. We can actually evaluate 
the integral in the right hand side of (12.231) more explicitly. We need to use the 
identity 

=^aiiac(^) ■ *S']-[iac(^ ) =^aiiac(^ ) ' *S'mac(^) ) (2.31) 

which follows either from (I2.2ip and [-Sfmac(-2)5 =^mac(-2')] = O5 from the exphcit 
expression (I2.29p . The expansions (I2.20p and (11.91) then yield 

^ /X.ac(^) ■ S^UZ')V{Z') dz' = (f^^^{z')V{z') dz' ■ 5mac(^) 

dS^^^iz) (2-32) 



k>0 ^'^ 



which implies that 

i?mac(^; s, g,t) = j2 + A ^^'^g^'^'^^ • (2.33) 

i=l fc>0 

The derivatives dSma.c{z)/dgk can be computed from (12. lip in parallel with our pre- 
vious computation of the derivatives dSmac{z)/dsi in (I2.27P and above. Plugging the 
result in (12.330 , and also using the exphcit form of the ipi given in (12.250 , we find that 

i?mac(^; s, g,t) = ^ (v\z) + , (2.34) 

\ Z/mac, r / 

where Dr{z) is a polynomial of degree dy + r = deg V + r. Its coefficients are 
determined by the asymptotics (12.80 . which yields dy + 2 constraints, and by the 
conditions 

/ i?mac dz = Ni, (2.35) 
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which yield r additional constraints, only r — 1 of which are independent from the 
previous ones because iVj = A^. The period integrals (12.351) follow for example 
from (ESHD and <KW\ . 

We can now easily compare this result with the prediction from the anomaly 
equations. Using the solution to (12.71) in (12. 6p . we find 

^ / X ^/^x.// X 2Ar(z) -W'(z)V'(z)\ 

Rm^c{z;s,g,t) = —{V'(z) + — «v ' v \ 2.36 

The anomaly equations do not put constraints on Ar, and thus -Rmac in (I2.36P has 
generically dw branch cuts, each corresponding to a critical point of W . To describe 
vacua which classically correspond to having Ni eigenvalues of X sitting at the i^^ 
critical point, we need to impose the constraints (12.351) . now for 1 < i < dw- When 
only r of the Ni are non-zero, the factorization (I2.12p must take place, and the would- 
be poles of -Rmac (-2) at the roots of Ndyy-r{z) must vanish (otherwise the corresponding 
Nj would be non-zero). The formula (I2.36P then reduces to (I2.34p . as was to be shown. 

Let us emphasize that (12.35P is non-trivial at the quantum level [12]. Indeed, 
there are many a priori consistent forms for the relations (I2.10p that would violate 
the quantization conditions (I2.35p . The non-trivial statement is that the quantization 



conditions must be satisfied at the quantum level for the particular relations (I2.10p 
for which the anomaly equations take the simple forms (12. 6p and (12.70 (see the non- 
perturbative anomaly conjecture on page 13). In the way we have presented it, these 
constraints (12.350 look like additional inputs that are logically independent from the 
anomaly equations themselves. Remarkably, this is not the case [T2l [13], see the 
discussion at the beginning of Section 12.31 

2.2.2 Consistency with the U(1)r symmetry 

A useful consistency condition on Wmac comes from the U(1)r symmetry in (11.160 



Tjr I x\ \ ^ L/fl'mac , \ ^ 
H^mac(s, g,t) = 



mac 



dOk dSi 

^ (2.37) 



^ y ^macW^ + ^ Si 



dSi 



Comparing with (11.280 . we see that this a non-trivial formula in our formalism. We 
are going to present a first derivation based on matrix model identities along the lines 
of Section 4.2.1 of jH]. Another derivation will be presented in Section [2.3.31 
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We start from the definition 

Ne {{s\ Tr ViX)\s))^ = ^ £ ^^^^ ^ £ / "^^^^ ^'^^^^ ' ^^'^^^ 

and we perform the infinitesimal variations 

5si = (si , 5€ = Ce. (2.39) 

Taking into account the variations of the global e factor, of the numerator and of the 
denominator in the right hand side of (12.381) . we obtain, in the e — limit and by 
using (Km . 

i i 

+ —(^{{s\eTTW{X)eTTV{X)\s)) - {{s\eTTW{X)\s)){{s\eTTV{X)\s))j. (2.40) 
The same reasoning starting from (11.191) shows that [H] 

V s,^^ - 2^^a, = -i- / T^A^ac . (2.41) 
^ osi 2nTN .L 



Taking the derivative with respect to Si and using (12.271) . we get 
If we compute from the definition (11.281) . we thus find 

+^(((s|£Triy(X) eTry(x)|s)) - {{s\ei:iW{X)\s)){{s\ei:iV{X)\s)) 



(2.43) 



To go from the first to the second equality in (12.431) . we have used (I2.40p and (I2.42p . 
and to go from the second to the third identity we have used (11.281) and (12.301) . 
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2.3 The macroscopic quantum equations of motion 

In the foregoing subsections, we have obtained exphcit results for the generating 
functions Sn^i^dz; s, g) and Ra^s^dz; s, g,t), see equations (12.81) . (12.111) . (I2.12p . (I2.14p . 
(I2.34P and (I2.35p . We are now going to compute the on-shell generating functions 
^maciz] g,t) and R^^^z] g,t), by solving (ll.3ip using the explicit formula (11.280 . 

2.3.1 On the consistency of the chiral ring 

Before doing that, we would like to briefly discuss the following conceptually impor- 
tant question: is the formula (11.280 a new axiom of the macroscopic formalism, or 
is it enough to postulate the anomaly equations? We have seen in 12.2.11 that the 
t- and gf-dependence of VTmac is fixed by comparing with the correlators deduced 
from the anomaly equations. There remains an undetermined piece of the form w{s) 
in IVmac- Of course, this piece plays a crucial role in solving (ll.Sip . Originally, it 
was thought that the precise form of this term, which encodes a crucial part of the 
non-perturbative gauge dynamics, needs to be postulated in addition to the anomaly 
equations themselves. Remarquably, it turns out that this is not necessary: the full 
s-dependence of VKmac follows from consistency conditions once the anomaly equa- 
tions have been postulated [Ml [121 IE] ■ The same consistency conditions also imply 
that the quantization conditions (I2.35P must be valid. This is a deep feature of the 
macroscopic formalism. We refer the reader to [13] for an extensive discussion, but 
let us briefly sketch the ideas involved. 

For the vacua of rank r = 1, the argument is actually very simple [ll|. In this 
case, Wraaci^, 9,t) depends on only one variable s, and the full s-dependence is then 
completely fixed by the consistency with the U(1)r symmetry. Indeed, equation (12.370 
is not invariant if we add to VFmac an arbitrary function of s. The condition (12.350 
also follows immediately from the asymptotic behavior (12. 8p . 

The case of the vacua of ranks r > 1 is much more interesting. One of the 
quantum equations of motion (ll.3ip is still related to the consistency with the U(1)r 
symmetry, but there remains r — 1 independent constraints. In all the cases that 
have been studied (and we are going to show that this is true in the present extended 
model as well), they have the form of quantization conditions for the compact periods 
of Rmi^cdz, 

/ i?^ac dzeZ. (2.44) 
Combined with (I2.35p . we see that all the periods of -Rmacd^ over the non-trivial cycles 
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of the curve Cmac.r are integers. Equivalently, the quantum characteristic function 

F;,,(z;g,t) = (det(^-X)>, (2.45) 

which satisfies 

^r^S':^''? =<ac(^;g,^), (2.46) 

is well-defined (single- valued) on the curve Cmac,r, together with i^^^c ^mac- The 
main general statement is as follows: 

Chiral ring consistency conjecture [12]: The anomaly equations are consis- 
tent with the existence of kinematical relations in the chiral ring of the form (12.101) if 
and only if the quantization conditions (12.351) and (12.441) are satisfied. 
Consistency is non-trivial because the relations (I2.10p show that there is only a finite 
number of independent variables, and the anomaly equations yield an infinite set of 
constraints on this finite set of variables. 

We have proven the above conjecture in the case of the ordinary M = 1 theory 
with a constant V and arbitrary W , including when A^f < 2N flavors of fundamental 
quarks with general couplings to X are added |T3], and we believe that it is always 
true. It shows in particular that the full s-dependence of VTmac is fixed by the algebraic 
consistency of the chiral ring. 

2.3.2 The equations of motion 

We need the following standard relation for the matrix model partition function (see 
for example [15] and references therein) 



mac 



]rj f Amac + 2sln/io - W'(/^o) 



dsi N 

Using fOH]) . (12:281) and ([235]), we thus obtain 



(2.47) 



dsj 



^ f^y^i~^Jl£ i?mac dz ^ hj - 2N In /iq . (2.48) 



Let us introduce 



Hj{P) = / hj+\niJo. (2.49) 

JPo 



The analytic continuation Hj of Hj through the r^^ branch cut is given bja 

Hj{z) + Hj{z) = [ /i,- + 21n/io , (2.50) 

Jl3r 

■^See Appendix A for details on the analytic continuation of functions like Hj. 
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which is found by integrating ipj + ipj = {] and finding the constant of integration 
by looking at z — > oo. Let us now use the Riemann bihnear relation derived in 
Appendix |X] with F = -Rmac and G = Hj. The formula (1A.12P applies because -Rmac 
is a well-defined meromorphic function on Cmac,r- Using 

^mac(^) + RmUz) = NV'iz) , (2.51) 

which follows from fl2.36p . and also fl2.24p . we find 

-Rmac -Rmac dz j hj + ^ f i?mac dz / hj 



i=l 



(2.52) 



~ 2^ / + (^^' ~ ^'""O ( / + 2 In /io - i^: 

or equivalently 

f i?„,ac (^z = j-J2f ^--^ / + 2Arin/io + ^ / (A^^'^^i - 2/2n,aci^j)d2; 



(2.53) 

An integration by part immediately yields 

Using the asymptotics (12. 8p and Hj{z) ~ Inz, we also get 

2— +cx> 

^ ^Rm.cHj dz = Nlnfxo. (2.55) 
Putting ([23HD, fl233|l . fl23D and fl235|) together, we finally obtain 



dsi 



[ i?^ac dz + NVifXo) - 2N In /iq . (2.56) 



The above formula is natural when one uses the parameters t. However, from the 
physics point of view, a small refinement is needed, because ti is not really a good 
parameter. The good parameter is the instanton factor fll.l5p g = e*^ , and the theory 
must be invariant when ti — ti + 2?7r, which corresponds to a 2tt shift of the "i? angle. 
From fll.28p . we know that ti enters VTmac only through a term sti = sing. Thus 
we find that vacua related to each other by 2tt shifts of the i) angle are described by 
different macroscopic superpotentials of the form VTmac + 2mks, for k E Z. The most 
general vacua are thus obtained by looking at solutions of the equations 

/ R*^^^ dz = NVifio) - 2N In /io + 2i7rZ . (2.57) 
jPi 

As a last remark, let us note that (12.441) follows as a special case of (12.571) . 
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2.3.3 The U(1)r symmetry revisited 

It is instructive to rederive fl^:^ starting from flZ^ . Using ([I2SD, fl^TTlD and ([23ZD, 
f l2.37p is equivalent to 



i=l 



R 

mac mac 

dz 

.Jai J Pi Jai J Pi 



N (f{Snr.cV - Rnr.cW)dz + 2t7T {W (fio) ' sV{fio)). (2.58) 



We let the reader check that this is a consequence of ( ]A.12p . with F = S'mac and 
G = p with 

p{P)= I /?macdz + iVln/xo. (2.59) 
Useful formulas to perform the check are 

^mac(^) + S,.Uz) = NW'{z) , (2.60) 
which follows from (12. lip , and 

p(z)+piz)=NViz)+ I i?macd;2- W(/xo)+2iVln/io, (2.61) 

which follows by integrating (12.511) . One also needs 



^ y 5'macP dz = N'^s In /io , (2.62) 

which is similar to (12.551) . 

2.4 The solution in the macroscopic formaUsm 

Let us summarize our findings. The functions S^^^ and -Rj^ac fully determined by 
the constraints 



-NW\z)Rl,,{z) - NV\z)Sl,,,{z) + 2Rl^,^{z)S*^,^{z) + N'An{z) = 
-NW'{z)S*^^,{z) + S*^^,{zf + N'Asiz) = 
Ns N 

•S'mac (^) ~ ' -Rmac(^) ~ ' 

2— >oo Z z^oo Z 

I R*^^^ dz e 2i7iZ , / R*^^^ dz - NV{po) + 2iV In po e 2z7rZ . 

Jai J (3, 



(2.63) 
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The first three hnes in fl2.63l) follow from the corresponding formulas (12.61) . fl2.7l) and 
(12. 8p for -Rmac and S-^aac, while the constraints in the fourth hne follow from (12.351) 
and (12.571) . The last equation is valid only on-shell, i.e. when -Rmac = -^mac 
'S'mac = 'S'j^ac- Note that the asymptotics (third line) and the quantization conditions 
(fourth line) in (12.631) provide enough constraints to fix the solution uniquely, up to 
a discrete ambiguity corresponding to the existence of a discrete set of vacua. 

The quantization conditions in (12.631) are equivalent to the fact that the quantum 
characteristic function (12.451) . (12.461) is single- valued on the same hyperellictic curve 
as S'j^a^j. and -R^ac with the asymptotics 

^;ac(^) ~ —■ (2.64) 

2— >oo 2— »oo Z 

The function F has in general an essential singularity at Qo- It is only in the case of 
the non-extended theory, for which V is a constant, that it is a meromorphic function 
together with S^^^ and R*^^^. 

We refer the reader to Appendix [Bl where the explicit solution for rank one vacua 
is discussed. 



3 The microscopic formalism 

In this Section, we are going to solve the model using the microscopic formalism [T]. 
3.1 Marshakov-Nekrasov and .Rmic 

We start by computing the generating function -Rmic which, in the microscopic for- 
malism, is the simplest object. The main property that we are going to use is that 
-Rmic does not depend on g, 

Rmic{z;a,g,t) = R^ic{z;a,t) . (3.1) 

This property, which is the analogue of the fact that S'mac does not depend on t in 
the macroscopic set-up, is manifest on the definition ( 11.37P and follows immediately 
from the localization formula [HI [2] . We can thus compute -Rmic in the g = theory, 
which has M = 2 supersymmetry. Fortunately for us, the extended M = 2 theory, 
for arbitrary i, has been studied recently by Marshakov and Nekrasov in [B], and so 
we can just borrow the result from them0 

'^There is an unfortunate typo in Marshakov and Nekrasov that pollutes many of their formula. 
The typo first appears in their equation (3.2), where t' should be replaced by \t' . We have corrected 
all their subsequent equations accordingly. 
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The function R^[c{z) turns out to be a meromorphic function on the genus — 1 
hyperelhptic curve 

N 

Cmic : = l[{x - xr){x - xf) • (3.2) 
1=1 

On Cmic, we define marked points Pq and Qo, as well as contours ctj, a = ^jCtj, A 
and = /?j — /?Ar is a way similar to what we have done on Cmac,r in Figure [T]If| We 
have 

R^Uz; *) = y {v'iz) + ' (3-3) 

where Er is a polynomial of degree N + deg V = N + dv- The N + dv + l coefficients 
in Efi and the 2N branching points of the curve (13. 2p are determined by the following 
conditions [H]: 

RraUz) , (3.4) 

^ I R^,Az = \, (3.5) 

/ i?mic d^ = ArV"(/io) - 2iV In /zq + , (3.6) 
-'ft 

= 77— (J Amic • (3.7) 

To write these equations, we have assumed that the curve (13.21) is not degenerate. 
This is always the case for large enough |aj — a^l, and the solution is then uniquely 
specified for any values of the Oj by analytic continuation in the a-space. The one- 
form Amic is defined in ( 11.52p . The first constraint ( 13. 4p yields dy \ 2 conditions, 
the second constraint (13.51) yields iV — 1 conditions that are independent from the 
previous ones, and the third and fourth constraints (13.61) and (13.71) yield N + N new 
conditions, for a total of 3N + dy + I independent conditions as needed. Let us note 
that the contours jSi are really defined modulo an integral linear combination of the 
aj, which explains the term +2i7rZ in (13.61) . 

The difference between the macroscopic and microscopic formalisms is here man- 
ifest. Equation (13.61) is valid off-shell, i.e. for any values of the parameters a. The 
analogous equation (I2.57P for -Rmac is valid only on-shell, i.e. for the particular values 
s* of the parameters s that make IVmac extremal. This is a very general feature: 
"simple" equations in a given formalism, valid off-shell, correspond to "complicated" 
equations in the other formalism, valid only on-shell. This is the mechanism that 



^We use the same names for the contours on different curves. Which curve we are referring to is 
always clear from the context. 
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will allow to identify -RJ^ac ^^"^ -^mic hand and S^^^ and Sj^j^, on the other 

hand, in spite of the fact that the off-shell functions have very different properties. 



3.2 The generating function S'mic 

Let us now compute the generating function for the generalized glueball operators 
S'mic- This function has been studied in details in [2]. In particular, a general formula 
for the Vk^mic was derived (the derivation was made in the usual theory with = 
for /c > 2, but it actually applies without change to the case of the extended theory). 



Vk, 



N 



1 



[a\ TrW^(X)TrX^+2|^)^ 



- {a\ TTW{X)\a)^{a\ TTX''+^\a)^ 
This can be conveniently rewritten in terms of S'mic as 

1 



(3.8) 



N 
72" 



a 



Tr 



X 



TrW^(X) 



a 



a 



Tr 



z-X 



a 



a 



TrH^(X) 



a 



(3.9) 



where the ' always means the derivative with respect to z. This formula, which is 
the microscopic analogue of fl2.30p . will be rederived shortlyl§ It shows that the sub- 
leading terms in the small e expansion contribute to the glueball operators. Another 
contribution of [2] was to compute explicitly S'mic up to two instantons using 03.91) 
and the definitions given in II. 3[ We are going to derive in the present Section the 
exact formula for Smic, by imitating the macroscopic derivation of -Rmac in 12.2.11 

Let us start by explaining the origin of (13.91) in the present set-up. We shall need 
a few simple identities. We note that (11.461) implies that Ui^^ does not depend on the 
colored partition p. 



N 



«1, 



(3.10) 



From this we deduce that 



Wl,mic(a, *) 



1=1 



[a 



N 



(3.11) 



i=l 



^Note that (|2.30p and (|3.9p are actually valid at finite e and e respectively, even though we are 
only interested in the e ^ and e — > limits in the present paper. 
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which is a particularly simple formula, as well as 

TrXTrX'^ja)^ = {a\ TrX|a)^(a| TrX^'ja)^ (3.12) 



for any A; > 0. We introduce the microscopic "loop insertion operator" 

^ fc>i " ^ 

or equivalently 

= (3.14) 

k>2 ^ 

Note that the derivatives are taken at a fixed here, whereas in the similar macroscopic 
operator fl2.20p the derivatives are at s fixed. This point should be clear and we shall 
not repeat it in the following. Using (13. lip , equations fll.48p and fll.54p are then 
equivalent to 

-Rmic(^) = I 2 AT -^mici^) ' -^mic , (3.15) 

S^ie(^) = -^n.ic(^)-W^mic. (3.16) 

Applying the operator ^mic(-2) on (11.531) and using (13.161) then yields 

^mic(^) = £^mic(^) ■ Rr.,c{z')W{z') dz' . (3.17) 

On the other hand, if we take the derivative of (I1.37P with respect to the couplings t 
or A using (ll.44p and (11.451) and taking into account (I3.12p . we get 



^:ic(^)-^mic(/) = -^((a 



e2 



Tr — Tr 



z-X z' -X 
1 



a 



- a 



Tr 



a) (a 



Tr 



z' -X 



a) . (3.18) 



z-X 

Plugging fl318|) into (13X71) . we obtain ([31]). 
To get a more explicit result, we use 

^^,(z) ■ R^,{z') = ^'^X^') ■ R^lz) , (3.19) 

which yields 

^ j(^^i,(^) ■ i?„.ic(/)W^(/) d/ = ^ j(^^,(/)W^(/) d.z' ■ R^Uz) 

k>l 



(3.20) 
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Equation (I3.17p thus implies that 



S^,X^;a,g,t)=N^g^ (3.21) 



fc>i 



This important resuh shows that S'^^J^z) is a meromorphic function on the curve Cmic 
f l3.2p . since R^^Jyz) and thus also its variations have this property. We can actually 
go one step further. Using (13.210 . the derivatives of equations (13.51) and (13.61) with 
respect to the t^s indeed imply that 



^^,dz = 0, iS'U,^z = ^. (3.22) 



This shows that 



^;ic(^)= f S'UAz (3.23) 

is also a well-defined meromorphic function on Cmic, since (I3.22p ensures that 5'^ic(-P) 
does not depend on the path chosen to perform the integral in (I3.23p . 

Another way to see this, and to gain more information on the pole structure of 
5*^;^,, is to use the microscopic quantum characteristic function 

F^ie(P) = (a|det(z-X)|a) = /i^exp / Rrn.Az . (3.24) 

J Pi) 

It is a single- valued function on Cmic thank's to (13.50 and (13.60 . It is actually holo- 

morphic everywhere except at the points at infinity. It has a pole of order at Pq 
and an essential singularity at Qo, 

NV{z) 

FmUz) ~ z^, F^ic(^) —■ (3.25) 

Z—I-OO Z^QO Z 

We have used as usual the hatted notation to indicate the value of a function on the 
second sheet of the hyperelliptic curve on which it is defined. Let us remark that 
(I3.25P and (I2.64p coincide, not surprisingly, but (13.250 is valid for any a whereas 
(I2.64P is valid only at s = s*. The most general form for Fja\c that is compatible with 
the above constraints is 

Pmic(^) =0l(;2)+02(%, (3.26) 

for some entire functions (pi and 02 on the complex plane whose asymptotics can be 
found from (I3.25p . Moreover, it is manifest from the definition (I3.24p and the explicit 
formula (13.30 for -Rmic that Fmic can never vanish at finite z. Thus we also have 

- = ipi{z) + ip2{z)y , (3.27) 



F ■ i 
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for some entire functions (pi and (p2- Let us now consider objects of the form 

SF ■ 

fsiz) = —^ = 5\nF^;,, (3.28) 

where S represents the derivative with respect to a parameter, for example the tk or 
the Oj. Clearly fs is a meromorphic function on Cmic, because ^InFmic ~ N6V{z) 

z~*oo 

has at most an ordinary pole at Qo- Moreover, it follows from (13.21) that 

Sy=^ (3.29) 

for some polynomial ps- Putting (I3.26p . (13.271) . (I3.28P and (I3.29P together, we find 
that 

fs{z)=psiz) + ^. (3.30) 

y 

The entire functions ps and qs must actually be polynomials because fs is meromor- 
phic. 

If we apply this remark to the primitive of (I3.2ip , which reads 

Sraici^;a,g,t) = N^gk , (3.31) 

k>l ^ 

we deduce that SL^^ must take the form 



mic 



SLM = ^{piz) + ^) (3.32) 

for some polynomials p and Es (the overall factor has been chosen for convenience). 
If we now use 

Rmiciz) + Rmic{z) = NV\z) , (3.33) 

that follows from (13. 3p . and (I3.2ip . we find 

S'LA^) + Sr,{z) = NW"\z). (3.34) 

Integrating, we obtain 

SLA^) + S'^d^) = NW"{z) + c = Np{z) . (3.35) 

The constant of integration c is found to vanish by looking at the limit z = hq —* oo 
and using 

/ S';,,,dz = NW"ipo), (3.36) 
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which is a straightforward consequence of fl3.2ip and (13.61) . Overall, we have thus 
obtained 

SLA^) = ^{w"{z) + ^). (3.37) 
The polynomial Es is determined in the following way. First, from the asymptotics 

SLci.z) ~ (338) 

2-+00 Z 

we deduce that degi^s = + degW" = N + dw — 1- The condition (13.381) actually 
puts dw + 1 constraints on the coefficients of Es-, which leaves — 1 unknown. The 
missing constraints, to be derived shortly, are given by 

(fsU.dz = 0. (3.39) 

This is the microscopic analogue to (I2.35p . Equations (I3.37p . (13.380 and (13.390 give 
a full prescription to compute exactly and thus all the generalized glueball 

operators in the microscopic formalism. In particular, we have checked the result 
successfully with the explicit calculations made in p]. 

To finish, let us prove (13.39^ . The idea is to integrate by part and then to use 
(K21^ and ffL52|) . 

/ S'^;, dz = -(f zS'U. dz = -Nj29k^f K.ic . (3.40) 

The result then follows by taking the derivative of (13. 7p with respect to tk, which 
yields zero. It is natural to ask about the ^^-periods of S'^ic- Clearly, they will not 
vanish in general, and thus Smic is not well-defined on the curve (13.20 . Actually, it is 
an infinitely-many valued function of z. This is very different from the macroscopic 
function S'mac, which is always two- valued because it satisfies the anomaly equation 
(12. 7p . For the equahty S^^^^ = 5**^;^, to be valid, the microscopic equations of motion 
(I1.57P must put constraints on the /5i-periods of S[^:^^dz. This is what we are going to 
study now. 



3.3 The microscopic quantum equations of motion 

We define, in strict parallel with what was done in Section [2.2. II for the curve (I2.13p . 
a canonical basis of one-forms {/ii}i<j<Ar on Cmic, 

i- = (3.41) 



31 



holomorphic everywhere except at the points at infinity where they may have simple 
poles. Explicitly, 

h. = 'ip.dz = —dz, (3.42) 

y 

where the Pi{z) = z^~^ + ■ ■ ■ are monic polynomials of degree — 1 fixed by the 
conditions (13.411) . We shall need the identity 

^ = K- d(^^,) . (3.43) 
oai 

To derive this equation, let us write 

Amic = 2;-Rmic d^: = - lu F^jc dz + d{z In F^ic) . (3.44) 
From (13.281) and (I3.30p applied to 5 = d/dai, we know that 

SlnFmic q{z) 

— = p[z) + (3.45) 

oai y 

for some polynomials p and q. Integrating (13.331) with respect to z and then taking 
the derivative with respect to Oj, we find that necessarily p = 0. Moreover, 

1 5i^mic ._o^ii^)^ (3.46) 



and thus degg = — 1. This shows that dlnF^^ic/dai is a linear combination of the 
ipi. Comparing (I3.4ip with the derivative of (13. 7p with respect to aj, we actually find 

= -^^ ^'-^'^ 

which, using (13.441) . is equivalent to (13.430 . 
The definition (11.531) yields 

dW,y,:r 1 /■ WdX^ic 

(3.48) 



dtti 2m J a z dai 
Using (I3.43P and an integration by part, we thus obtain 

dWrr^^r 1 



dtti 2m 



W'hi . (3.49) 



We now apply the Riemann bilinear relation (IA.12P with F = S*^;^ and g = hi. 
The calculation is strictly similar to the one done in Section 12.3.21 and thus we shall 
be brief. Using (I3.39p . we get, using the same definition as in (12.491) . 



(3.50) 
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Equation (I3.49p is thus equivalent to 

dW^., 1 



/ 5^,d^ + ^y'(/io). (3.51) 



dai N 

This is exactly what the discussion at the end of 13.21 was suggesting. On-shell, we 
have 

f Si,,dz = NW'{^Ji,). (3.52) 

In particular, §^ S^^^c^z = which, together with fl3.39p . implies that Sj^j^. is a mero- 
morphic function on (13.21) . 

It is important to note that the curve (13.21) can degenerate (and actually must 
always do so if deg W < N) on the solutions to (I3.5ip . A very explicit discussion of 
how this happens is given in |T]. To understand better this point, let us look in more 
details into the consequences of (13.521) . Since Sj^j^, is two-sheeted, we can integrate 
(I3.35P (remember that (13.360 implies that c = 0) to get 

S*^M + S'LM = NW'{z) + ~c. (3.53) 

Looking at the limit z = /iq — > oo, we obtain 

/ Si,^dz = NW'{^lQ) + c (3.54) 

and thus the equation of motion fl3.52l) implies that c = 0. The function S'^^^i^NW — 
5'j!^jc) is thus single-valued and meromorphic, meaning that it must be a rational 
function of z. Poles for finite values of z at points where ^ is a good coordinate 
on the curve (i.e. excluding the branching points) would yield similar poles for S'^-^^ 
which we know are not present, see (I3.37p . Similarly, a pole of order n at a branching 
point yields after taking the derivative with respect to 2; a pole of order n + 2 for S^^^ 
(because dy/dz oc l/y). This is impossible because (13.370 shows that S'j^j^. only has 
simple poles at the branching points. Finally, this discussion implies that 

S*^M{NW\z) - Sl,,{z)) = N'A*s^^,M (3.55) 

is a polynomial whose degree is fixed to be dw — 1 by the asymptotics S^^^ = 0{1/ z) 
at infinity. Solving this quadratic equation we find that 

5;,,(^; 9.t) = ^ {W\z) - ^W'{zY-AAl^,^{z)) . (3.56) 

Consistency with the fact that S^^^ is also defined on (13.21) implies that the following 
factorization conditions must be satisfied, 

y^ = MN-r{zfyl,c,r, (3.57) 
W\zf - 4A* i,(z) = N,^.r{zfylic,r , (3.58) 
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for some polynomials Mi^_r and Nct^_j. of degrees N — r and dw — r respectively. A 
priori, the integer r can take any value consistent with the above equations. We see 
that both S^^^ and R^^^ defined on a genus r — 1 reduced curve 

r 

Cmicr ■■ vLcr = fli^ ' ^r)(^ " ^t) (3-59) 
i=l 

which is obtained from (13. 2p by joining some of the branch cuts. For example, if the i^^ 
and j^^ branch cuts join, then the resulting cut has a /5-type contour P'^ = Pi = Pj and 
a a-type contour a[ = ai + aj. Reshuffling the indices appropriately and renaming 
the contours and Pi on the reduced curve to match the notations used in the 
macroscopic formalism, we see that (13. 5p and (13.61) become 

S Rl.i^dz G 2i7rZ, (3.60) 

I i?;;i,d;z- W(/io) +2iVln/io G 2mZ, (3.61) 
J Pi 

on the reduced curve. The integer appearing on the right hand side of (I3.60p is simply 
given by the number of cuts of the original curve Cmic that have joined to form the 
cut of the reduced curve Craic,r- 

The link with the macroscopic formalism is almost complete. To finish the proof, 
we need to show that i^J^j^ and S'^^^ are related to each other consistently with the 
anomaly equation (12. 6p that relates -R^ac ^'^d S'^^^ (note that (I3.55P already shows 
that S*^;^ satisfies an equation like (12.70 ). We could do that by carefully analyzing the 
properties of i^j^j^ and but the most elegant route is to perform a full microscopic 
analysis of the anomaly equations. This is the subject of the next Section. 

3.4 The microscopic derivation of the anomaly equations 

At the perturbative level, the anomaly equations are generated by the operators (12. 3p . 
Their action on the chiral operators is given by (12. 4p and their algebra by (12.50 . As 
discussed at length in [2] , these operators must undergo very strong non-perturbative 
quantum corrections. In particular, at the non-perturbative level, L„ ■ m^, Jn ■ Um, 
Ln ■ Vm and J„ ■ Vm are not single- valued functions of the WpS and f gS, and moreover 
the algebra generated by L„ and Jm does not close. 
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In [2], it was conjectured that the non-perturbative operators are given bj0 

1 ^ r d 

= -77- y2 f ^"^'^mic(^; «, t)dz — . (3.62) 



i=l 

N 



J- = -^yii z''^'S^Uz;a,g,t)dz^- (3.63) 
2«7r ^ 9ai 

The fundamental requirement is that they generate the correct anomaly polynomials 

NLr, ■ W^Ua, g, t) = <(a, g, t) , (3.64) 

NJn ■ Vrmic(a, g, t) = ^n{a, g, t) , (3.65) 

with 

•^n = —N"^^ gkUn+k+l,mic — N''^^ XkVn+k+l,mic + ^fei, mic'^^fe, mic 5 (3.66) 

fc>0 fc>0 fci+fc2=n 

^n = —N''^gkVn+k+l,mic+ ^ t^fci, mic^ fcj, mic • (3.67) 
fc>0 ki+k2=n 

Equivalently, in terms of the generating function we have 

"■>-^ /o CON 

= -NW'{z;g)R^U^;a,t)-NV'{z;t)S^Uz;a,g,t) 



+ 2i?niic(2; a,t)S'mic(2;; a,g,t) + N'^An^rnidz; a,g,t) 
z" 



a, g,t)= = NJ {z) ■ W^ic{a, g, t) 



"-"^ f3 69) 

= -NW\z-g)Sr,,,{z-a,g,t) 

+ S^ic{,z] a, g, tf + N'^/^s, mic(-2; a, 9, t) , 

for some polynomials A/j mic(-2;) and /S.s,raic{.z). Equations 03.641) and fl3.65p were 
checked in [2] up to two instantons. Using the technology developed in the previous 
Sections, we can now prove these equations independently of the small q expansion. 



3.4.1 The action of Ln 

We use (13:6211 and (l33Tll to write 

iVL„ .W^,, = ^y^l z^^^R^, dz I S'^,, dz - NW'{^l,)un+l,uAc . (3.70) 

^In [2], only the usual theory with V constant was considered, but the formulas for L„ and J„ 
straightforwardly generalize to the case of arbitrary t. 
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The right-hand side of this equation can be evaluated by using the Riemann bihnear 
relation (1X121) . with p = F = R^^^ and G = ^^ic- Using (13:331) . 

^mic(^) + S^iciz) = NW'iz) + [ S'^, dz - NW ifio) , (3.71) 

which is obtained from (13.351) in a way similar to (12.611) . and (I3.39P we get 

NLn ■ Wmic = -NW'{fIo)Un+l,mic + «n+l,mic / dz 

+ ^ i?mic5mic + [nV - [nW - S^i, - NW' {flo) + ^ S'^,, d^) 

= 7^ (f {-NW'R^,, - NV'S^,, + 2i?^ie5mic) dz = s^n. 

(3.72) 

We have thus derived the first anomaly equation (I3.64p . 

3.4.2 The action of 

The definition (13.631) yields 

NJn ■ = 7^y2<f ^"+'5mic dz [ S'^,^ dz - NW' i^Io)Vn+l,mic • (3.73) 

2^vr ^ 

To perform the calculation, we apply the Riemann bilinear relation with F = G = 
Sraic- In this case, the full power of the generalized relation (lA.lOp derived in the 



Appendix is needed, because F = Smic is multi-valued on the curve (13. 2p as explained 
at the end of Section 13.21 Because F = G, the net effect of the additional terms in 
( lA.lOl) with respect to the more conventional formula ( ]A.12p is a crucial global factor 
of 2, 

2 X ^ ^ / z^'+^Sraic dz / d^; = 2 X t;„+i,mic f ^mic 



+ ^ + (^NW - - NW'ifio) + ^ S'^,^ dz 

= -l Z''^\-NW'S^,, + Sl,,)dz + 2NW\^X^)Vn+l,n 
J a 



(3.74) 



Plugging this result in (I3.73p . we obtain (I3.65P as we wished, completing the full 
microscopic derivation of the generalized Konishi anomaly equations. 
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3.5 The solution in the microscopic formaUsm 

When the quantum equations of motion (11.571) are satisfied, we have automatically 

Ln ■ W^mic = , Jn-Wmic = 0, (3.75) 

and thus R^^^ and S'j^j^, satisfy the anomaly equations. We can thus summarize 
our findings as follows. The functions R^^^ ^mic fully determined by the 
constraints 



-NW\z)R*^,^iz) - NV'iz)S:,,^iz) + 2R*^,^iz)S*^,,iz) + N'An,mU^) = 
-NW'{z)S*^,,{z) + S:^,,{zf + N^As,^U^) = 

7-,* / \ o* / \ ^Oi 

Z^QO z z^oo z 

i R*^i^ dz e 2inZ , / R*^^^ dz - NV{no) + 2N In /io G 2mZ . 

Ja, J 0, 



(3.76) 



The first two constraints are the anomaly equations that we have just derived. They 
are valid only on-shell, which is unlike their macroscopic counterparts (12. 6p and (12.71) 
which are valid off-shell. The constraints in the third line of (13.761) are the usual 
asymptotics that follow from the definitions of -Rmic and Smic- The last constraints in 
the fourth line of (13.761) correspond to (13.601) and (13.611) . The solution is then fixed 
up to the usual discrete ambiguity corresponding to the existence of a discrete set of 
vacua. 

The on-shell solutions of the macroscopic formalism (I2.63P and of the microscopic 
formalism (I3.76P are clearly identical. The fundamental result (ll.62p is thus proven. 



4 Conclusions 

Generalizing the work of Nekrasov and collaborators [31 El [IZ] from A/" = 2 to A/" = 1, 
we have provided a microscopic derivation, from first principles, of the exact results 
in super symmetric gauge theories, following the ideas explained in [1|. The main 
highlight is to show that the microscopic approach based on the Nekrasov' s sums over 
colored partitions and the macroscopic approach based on the Dijkgraaf-Vafa matrix 
model are equivalent. A particularly interesting application is the non-perturbative 
derivation of the generalized Konishi anomaly equations. 

The macroscopic and microscopic formalisms have striking structural similarities. 
This is illustrated in the following tables, where each equation in one formalism is 
associated to a similar equation in the other formalism. 
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Macroscopic formalism 


Microscopic formalism 






s TrX'' s» 


Uk,mic{ct,t) = (a 


TrX'^ a) 




'S'mac (^) 


s,g) dz 


Amic — zRraiciz; a, t) dz 




2m fa 


-^mic 


OSi 


= hi d{zijji) 




2i7r J 


f Srae^Vdz 

a 

' dsi 


Wmic(a, f' *) = ^ 


I R^^^Wdz 

J a 




' (I 


Wdz + W,,,,c 




^'-A:. mac 


g t) = 










Vk.ndcia.g.t) = , 

A- + i Ofk-i 


'i^fe,mac(S) £ 


N dW^^ 


'"fe,mic(a, = ' 




^ k+1 dtk+i 


dgk-1 




OQk-i 


Uk,xmc{a,t) = 2k ,k>2 


- ((s eTrX'^ s»^((s £Trl/(X) s» J 


1 




(a TrX'=+2Triy(X) a)^ 
(a| TrX'=+2|a>^(a| Triy(X)|a> J 


Rm3^{z;s,g,t) = Ni'ilji{z) 


'5mic(^;a>9',*) = 






/ i?mic dz eZ 


/ S" 

/ mac 


dz = NW'ii^o) 


J 


f i?niicd^ = W(/xo)-2Arin/xo 

ft 
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A/Tiprrmpnnip flnrm^^ limn 


77— (f -Rmac dz 




— 2N In Un + NV(un) 




+iV2AK = 


NL{z) ■ W^,, = -NW'R^i, 


-iVH^'^mac + + N'As = 


NJiz) ■ Wmic = -NW'Smic 


-"•mac — -^mac " 


p* p Q* Cf 

-"-mic — ' '^mic — 



A basic property of the correspondence between the formahsms is that an off-shell, 
or "kinematical" relation on one side is typically only valid on-shell, or "dynamically" 
on the other side. When both sides are put on-shell, they yield equivalent results. 
This is reminiscent of the electric/magnetic duality, which exchanges Bianchi identi- 
ties with equations of motion, and seems to be a common feature of many non-trivial 
dualities. Actually, the duality we have been discussing is directly related to the 
open/closed string duality, the open string description corresponding to the micro- 
scopic formalism and the closed string description to the macroscopic formalism. 

There are many ways to generalize the present work. Each particular AT = 1 
gauge theory, with given gauge group and matter content, can be studied along the 
lines of our work, and a nice equivalence between the associated macroscopic and 
microscopic formalisms should follow. 

A particularly interesting avenue of research is to consider deformations of the 
ordinary gauge theories, by turning on various backgrounds. For example, we can 
study the theory in a non-zero ^-background. Many "microscopic" formulas straight- 
forwardly generalize to this case. In particular, the microscopic superpotential is still 
given by fll.53p . because the parameter e is not charged under the U(1)r symmetry. 
The duality discussed in the present work must generalize to the deformed theory. In 
particular, there should exist a deformation of the macroscopic formalism correspond- 
ing to turning on e, and the on-shell equivalence between the formalisms should hold 
to any order in Another interesting deformation is the gravitational background 

® Actually, the most general f2-background is characterized by two complex parameters ei and £2, 
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discussed in |H], which corresponds to the non-zero parameter e on the macroscopic 
side. This deformation has not been studied yet on the microscopic side. Under- 
standing fully these extended dualities is likely to involve interesting physics and 
mathematics. They are highly non-trivial, yet probably fully solvable, examples of 
open/closed string dualities. 
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A Generalized Riemann bilinear relations 

In this Appendix, we derive an interesting generalization of the Riemann bilinear 
relations that we have used again and again in the main text. 

We consider a hyperelliptic curve 

r 

C: = X[{z - z-){z - zt) (A.l) 

i=l 

with two marked points Pq and Qq corresponding to z = oo. This curve, which can be 
conveniently represented as a polygon with suitable identifications on the boundary, 
is depicted in Figure O The contours ai can be chosen to encircle the branch cuts 
[zl ^ zf], and the contours (3i join Pq to Qq by going through [z^ , zf]. The contours 8i 
are then defined by (5i = — /J^ for 1 < i < r — 1, and we note a = ai the contour 
at infinity. It is convenient to introduce a regulator /ig. In formulas containing /ig, it 
is always understood that the points Pq and Qo correspond to {y = /Iq, z = fio) and 
{y = — /io, z = /io) respectively and that the limit fiQ ^ oo must be taken. If /i is a 
meromorphic function on C, we denote by h{z) its value on the first sheet (which we 
choose to be the sheet containing Pq) and h{z) its value on the second sheet. 

and we have studied the special case e = ei = 62. The duality should extend to the most general 
case as well. 
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Figure 2: The representation of the surface (lA.ll) as a 4 (r — l)-gon with suitable 
identifications on the boundary. We have depicted the contours a^, 5i = Pi — Pr, Pr 
and 7, as well as the two marked points at infinity Pq and Qo- 
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We consider two meromorphic functions / and g onC that are holomorphic every- 
where except at the points at infinity where they may have poles of arbitrary order 
(our discussion can be straightforwardly generalized when poles at finite z are present, 
but this is not needed for the applications in the main text). Let us first assume that 



/dz = 0, (pfdz = 0. (A.2) 

Let us choose a base point O on C, distinct from Pq or Qq. A primitive F of / is 
defined by 

F{P)= [ fdz. (A.3) 
Jo 



The conditions (]A.2ll ensure that F{P) does not depend on the path from O to P 
chosen to perform the integral in ( 1A.3I) . This means that F is single- valued on the 
curve C. In particular, we can talk about the values F{z) and F{z). It is actually a 
meromorphic function on C \ {Po,Qo}- If fdz has a non-zero residue /o at Pq (and 
thus also a non-zero residue — /o at Qo), then F has a logarithmic branch cut running 
from Pq to Qo across which it jumps by 2271/0. We shall always choose this branch 
cut to go along the contour Pr- 



Let us now waive the hypothesis (1A.2I) . The function F is then no longer single- 



valued on C and we need to specify the contour from O to P in (lA.Sp . We shall 
always choose this contour to lie entirely in the interior of the polygon of Figure O 
never going to the boundary. If z is fixed, F can then take two values F{z) and 
F{z) in the polygon, modulo the 2i7r/o ambiguity due to the possible logarithmic cut. 
In the description involving the two sheets of the curve ( lA.ip . F{z) correspond to 
the value obtained by doing the integral (]A.3|) following a contour that never circles 
around a branch cut [z^ , zf], whereas the value F{z) is obtained by doing the analytic 
continuation following straight a path that goes through the same branch cut as f5r- 

Let us also define the primitive G of (7 by 

G(P)= rgdz, (A.4) 
Jo 

following exactly the same procedure as for F. We then consider the integral 



^ = ipFGdz, (A.5) 

J-y 

where p{z) is an arbitrary polynomial and the contour 7 is defined in Figure [2l We 
could of course absorb the polynomial p by redefining F or G, but it is convenient to 
present the results in this form for our purposes. Let us emphasize that we do not 
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assume that relations like (IA.2p hold for / or for g. We are going to compute this 
integral in two different ways, and this will yield the generalization of the Riemann 
bilinear relations that we are seeking. 

Let us first deform the contour 7 so that it merges with the boundary of the 
polygon. If the function FG were single valued on the curve C, we would automatically 
find zero due to the cancellation between the terms coresponding to the integral over 
ai and then and over 5i and then . However, to go from the contour Ui to 
the contour we have to follow 5i, which induces a discontinuity §g.fdz for F 
and §g,gdz for G. The same phenomenon occurs when we go from the contour Si 
to 5^^: following a~^, we pick discontinuities — ^^ fdz and — f^ gdz for F and G 
respectively. Overall we thus obtain 

^ = Y1 j [pFG -p(^F + fduj {g + gduj^dz 



+ (^pFG - p(f - ^ fduj {G- j gduj^dz 



® pFdz (t gdz + (h pGdz (t 

i—l LJ Si J ai J Si J a, 



(A.6) 



Si 



gdz (b pFdz 



fdz 

fdz (p pGdz 

Si 



Using 6i = Pi — Pr and a = J2i can rewrite the above formula as 

= ^ / pFdz (t gdz + / pGdz (h fdz — / gdz (h pFdz — / fdz 

i=l Upi Jai Jpi Jai J Pi Jai J Pi 

— I pFdz (t gdz — / pGdz (h fdz + / gdz ® pFdz + / fdz (h 

J Br J a J Br J a J Br J a J 0r J a 



pGdz 

pGdz . 
(A.7) 



A second way to compute is to deform the contour 7 so that it encircles the 
logarithmic branch cut from Pq to Qq. We actually decompose 7 = 7i + apo+72 + aQo 
as indicated in Figure [3l The discontinuity across the logarithmic cut is given by the 
residues /o and go of fdz and gdz at Pq in such a way that 



f pFGdz= I p{FG-{F-2i7rfo)iG-2i7rgo))dz. 

•^71+72 -J Pr 



(A.8) 



Using the fact that the residues at infinity are given by minus the integral of the 
corresponding forms over a = a,, we thus obtain 



^ = - 



/3r 



gdz j pF dz — (p f dz / pG dz + 
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pFG dz . 



(A.9) 




Figure 3: Decomposition of the contour 7 = 71 + ap(, + 72 + ag,,- The contours ap^ 
and are small circles around the points at infinity. The contours 71 and 72 go 
along the regularized contour (3r, joining the points z = /iq on the first and second 
sheets of the curve C. 



Putting flA.7p and flA.9l) together, we find the fundamental formula 

/ pFdz (h gdz + / pGdz (h fdz — / gdz (t pFdz — / fdz (h pGdz 

j^—l lJ Pi Joi J Pi Joi J Pi Joi J Pi Joi 



+ 



J Pr J a 



pFdz + / fdz (p pGdz 



pFGdz. 



aPo+PPQ 



(A.IO) 



The right-hand side of ( lA.lOl) is often conveniently rewritten in terms of the analytic 
continuations F and G as 



apQ+PpQ 



pFG dz = - i p{FG + FG)dz . 



(A.ll) 



A relation more akin to the standard Riemann bilinear relations is found when F 
is single-valued on C, i.e. when (1A.2I) is satisfied. Equation (lA.lOp then reduces to 



/ pFdz (h gdz— / gdz (h pFdz + gdz (bpFdz = — f p{FG + FG)dz . 

I— I VJ Pi J Q-i J Pi Joi J J Pr J OL Ja 

(A.12) 

This latter formula can be deduced straightforwardly from the Riemann bilinear re- 
lations found in textbooks. 
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B The solution in the rank one case 



In this Appendix, we discuss the exphcit solution of the extended theory in the special 
case corresponding to 



W{z) = ^'mz^, V{z) = X^i + Xqz +^Xiz'^ . 



(A.13) 



In the usual case, for which Ai = Aq = 0, the theory has A^ confining vacua, the 
AT-fold de generacy corresponding to chiral symmetry breaking. When Ag and Ai are 
turned on, we are going to find generalizations of these vacua as well as new purely 
quantum solutions that go to infinity in the classical limit. 

The generating functions (11. 3p and (11.41) are given by 



Xq + Xiz + 



2 + 2sXi/m — XqZ — Xiz"^ 



^z^ - As/ 



m 



S{z) 



Nm 



z — a/z^ — As/m 



(A. 14) 
(A.15) 



The variable s, which coincides with the gluino condensate, is given by the equation 



Rdz = NV{fio)-2Nlnno+2i7rk = N 



/3i 



MO 



Xiz"^ + XqZ — 2sXi/m 



In terms of the instanton factor (11.151) . this is equivalent to 



(A.16) 



(-) 



N 



-NXis/m 



(A.17) 



Let us study the solutions to (IA.17P when Ai is small. First, there are the usual 
A^ solutions with small corrections, 

s = me2-'=/^gi/^(l + Aie^-'^/^gi/^ + 0(A?)), < A; < A^ - 1 . (A. 18) 

More interestingly, there is also an infinite set of solutions that have very large values 
of s, of the form 

s~ -^(^ln(Afg) +2i7rfc) , keZ. (A.19) 

In terms of the Yang-Mills coupling constant qym and theta angle i), this takes the 
suggestive form 



m 



- In Ai 



N 



(A.20) 
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